INTRODUCTION AND STATEMENT OF THE RESULTS
Let M be a Lorentzian manifold, i. e. a smooth manifold equipped with a non-degenerate symmetric (0,2)-tensor field g (z) ~-, -~ (z E .I1~!) having index 1 During the last few years, the existence of geodesics joining two given events in static and stationary Lorentzian manifolds, has been widely studied by global variational methods (cf. [2] and references therein).
The aim of this paper is to prove, always by global variational methods, existence and multiplicity results for timelike and spacelike geodesics joining two given events of a product Lorentzian manifold Mo x R, in general situations in which the Lorentzian metric of M depends on the time variable and has mixed terms.
The results of this paper are different from those of [3] (where the case without mixed terms is considered) and are obtained using different methods. In particular we get a priori estimates for the critical points of the energy functional, using suitable test functions in the weak equation of the critical points and, using the relative category (see [6] ), we get also a multiplicity result for timelike geodesics.
One of the main difficulties of a global variational approach to the problem is the study of the Palais-Smale compactness condition (cfr Definition 2.1) for the energy integral f. We [4] , [6] , [7] , [17] ).
Relative category gives a topological approach which seems simpler than the relative cohomology used in [1] to get infinitely many spacelike geodesics joining two given events, and it allows also to obtain a multiplicity result for timelike geodesics.
Let Tz M = Tx M o x R be the tangent space to M at z = (x, t). Assume that the metric tensor g on M , for any ( = (~, T) E Tz M , has the form where (-, -) [3] it is assumed {3t bounded.
Since (Mo, ( ~ , ~ ~ x ) is complete, the uniform estimates in x of assumptions (1.3), (1.5), and (1.6) imply that M is globally hyperbolic (for the definition cf. e.g. [12] [14] In order to get the multiplicity results we use the concept of Relative Category (cf. [4] , [6] , [7] , [17] ), which is an extension of the classical Lusternik and Schnirelmann category (cf e.g. [ 16] ). We recall the definition for the convenience of the reader. Remark 5.4. -The use of Relative Category, together with a Galerkin approximation argument is used in [6] (5.4) where TFi is the projection on SZ 1. Therefore, (since Cm is compact) by (1.4) and (1.9) we get (iii), because t -t* E Wo ' 2 and, in (1.9), 2, ~yl 1. Since (R, 6-) C (R, 6-), (iv) 
